In this paper we introduce the Clifford compactly support wavelet (CCW). The wavelet transform offer a good tool for the applications in mathematics, engineering and physics. From the other side Clifford Analysis seems to be the right way to generate these wavelets by defining monogenic functions in a proper space with its fundamental properties, such as inner product, norm relation, and inversion formula. Instead it can be established whenever the quaternion wavelets satisfy a particular admissibility condition. We present several theorem for the construction of the CCW. with at the end a conjecture for the smoothness of the CCW.
Introduction
Clifford analysis is a function theory for functions defined in Euclidean space R m of arbitrary dimension m and taking values in the real Clifford algebra R 0,m constructed over R m . Much of the recent interest in Clifford algebras can be traced to the works of David Hestenes in the 1960's, who viewed Cliffords geometric algebra as a unifying language for mathematics and physics. During the past 50 years, Clifford analysis has gradually developed into a comprehensive theory offering a direct elegant and powerful generalization to higher dimension of the theory of holomorphic functions in the complex plane. In its most simple but still useful setting, flat m-dimensional Euclidean space, Clifford analysis focuses on monogenic functions. Monogenic functions have a special relationship with harmonic functions of several variables in that they are refining their properties. At the same time, Clifford analysis offers the possibility of generalizing 1D mathematical analysis to higher dimension in a rather natural way by encompassing all dimensions at once, in contrast to the traditional approach which consists of taking tensor products of 1D phenomena. This last qualification of Clifford analysis will be exploited in this paper to construct a genuine multidimensional Fourier transform (see Brackx et al [1] , [2] , [3] ). Context of Clifford analysis. In fact, over the past years, several specific multidimensional Fourier transforms were constructed using Clifford algebra with goals focused mostly in the field of signal analysis. Clifford analysis is a well-established mathematical discipline that is closely related but complementary to harmonic analysis. It has gradually developed into a comprehensive theory that offers a direct, elegant, and powerful generalization to higher dimension of the theory of holomorphic functions in the complex plane.
Here (e 1 , ..., e m ) forms an orthonormal basis for the quadratic space R 0,m underlying the construction of the real Clifford algebra R 0,m . Numerous papers and books have presented this theory and The Fourier Transform in Clifford Analysis [4] , [5] , [6] and [7] .
Clifford algebra may be considered a generalization to higher dimension of the norm division algebras of the real numbers R, the complex numbers C and the quaternions H.
Similarly the wavelets are very useful for many applications (example signal and image processing). Basically, wavelets constitute a family of functions ψ derived from one single function called mother function by a change of scale. Wavelet transforms provide a way to overcome some problems by means of short width windows at high frequencies and long width windows at low frequencies. In being so, the use of wavelet transform is particularly appropriate since it gives information about the signal both in frequency and time domains. The definition of a Wavelets Multiresolution Analysis (MRA) attempts to demonstrate its usefulness to visualize time-varying waveform distortions and track independent frequency component variations. This application of MRA can be used to further the understanding of time-varying waveform distortions without losing the physical meaning of frequency components (harmonics) variation with time. It is also possible that this approach could be used in control and protection applications. [8] , [9] , [10] , [11] [12] , [13] and [14] .
In the paper we show the utility of the compactly support wavelets in Clifford analysis.
Clifford's geometric algebra
A Clifford algebra is canonically associated to any vector space with a quadratic form (a scalar product). This algebra, compatible with the quadratic form, extends the capacities of calculations on the space . One distinguishes real and complex Clifford algebras, which extend real and complex vector spaces. Clifford (geometric) algebra is based on the geometric product of vectors x, y ∈ R p,q , p + q = n,
In general, this appears as the sum of a scalar (polyvector of grade zero) plus a bivector (polyvector of grade 2), thus a non homogeneous multivector. The scalar product and the wedge product appear as the symmetrical and antisymmetrical parts of the Clifford product. and the associative algebra Cl p,q thus generated with R and R p,q as subspaces of Cl p,q . x.y is the symmetric inner product of vectors and x ∧ y is Grassmann's outer product of vectors representing the oriented parallelogram area spanned by x, y. (See [6] .)
In general R p,q , p + q = n is composed of so-called r-vector subspaces spanned by the induced bases
The Clifford Algebra Cl(V ) is defined as ClV , with the Clifford product which is isomorphicc to the exterior algebra V . This, itdelements are the multivectors defined over V , although with different multiplication law which takes into account the properties of the metric. it provides an extension of V , and of the calculation possibilities.
The structure of a real Clifford algebra is determined by the dimension of the vector space and the signature of the metric, so that it is written Cl p,q (IR). It is expressed by its multiplication table. A matrix representation of a Clifford algebra is an isomorphic algebra of matrices, which thus obeys the same multiplication table. (Such matrix representations lead to the construction of functions).
General elements called multivectors
The reverse of V ∈ Cl p,q defined as
often replaces complex conjugation and quaternion conjugation. Taking the reverse is equivalent to reversing the order of products ob basis vectors in the basis blades of (3). The scalar product of two multivectors V, W ∈ Cl p,q is defined as
A clifford group is not, in general, a multiplicative group, since some elements are not invertible. This is for instance the case of the null vectors of the Minkowski vector space when p = 1 and q = 3 ( Cl 1,3 ). However, we will extract some multiplicative groups from a Clifford algebra, after selecting the invertible elements. Given an invertible element x of a Clifford algebra C = ClV , we define its action on C as
Its convenient to demand that this preserves the vector space V = C, i.e,
This define the Clifford group, also called Lipshitz group of ClV .
Compactly supported wavelets
The wavelets basis produce a multiresolution analysis on L 2 (R) [8] and [14] which means the decomposition of Hilbert space L 2 (R) in a chain of closed sub-spaces
By definition W j is the orthogonal complement of V j par rapport a V j−1 ,
The L 2 (R) space is represented as a direct sum
At each fixed scale j, the wavelets {ψ jk (x)} k∈Z form an orthonormal basis of W j and the functions ϕ j,k (x) = 2 −j/2 ϕ(2
are mirror filters in quadrature. When the filter H is chosen, it completely determine the functions ψ and ϕ. Let the 2π periodic function
where
are the coefficients of the filter H. The function m 0 (ξ) satisfies the equation
The construction of compactly-supported wavelets is particulary interesting because it starts from the choice of m 0 (ω) (the choice of the coefficients h k ). If ϕ is compactly-supported, we easily verify that m 0 (ω) is then a finite trigonometric polynomial which means
In fact, h k = √ 2 ϕ(x)ϕ(2x − k)∂x is then different from 0 only for a finite number of values equal to the length of the support of ϕ(x). Reciprocally, if m 0 (ω) is a polynomial of finite length, the formulâ
shows that ϕ is obtained by convolution product of Fourier transform of the measures 2 j m 0 (2 j x). Each of these measures has a support in the intervals [−C2
−j , C2 −j ] and finally the support of ϕ is included in [−C, C]. One of the advantages of the compactly-supported is that m 0 (ω) is a finite length. It exist several application to this propriety:
1. Computation of the values of ϕ at the dyadic points.
2. Quadrature formulas.
3. Computation of the Galerkin matrix for differential operator with constant coefficients.
Finally the compactly-supported wavelets allow to decompose any function ( or operator) as
The second term of the equality represents the projection of f in V 0 and it then a "schematic picture" of the function f . The first term represents a double series of details of the scale more and more smaller (2 −j ) that we have to add to the function Π V 0 (f ) for the reconstruction of f . At each point of R we add a series of details more small and we realize a kind of local Fourier analysis.
The compactly-supported wavelets are the most easier to use numerically because m 0 (ω) is of a finite length (2N − 1). Each passage from one scale to another cost (2N − 1) operations by coefficient and the decomposition and reconstruction algorithms are then in O(M ) where M is the number of points.
Constructions of Clifford compactly supported wavelets
Definition 4.1 A clifford multiresolution analysis of V (n) (CMRA for short )is any increasing sequence
, together with a continuous Clifford bilinear from B on V (n) such that, for some δ > 0, B(.,.)| V k ×V k is a δ-nondegenerate form on V k , for any k ∈ Z. Proposition 4.1 Let V ⊂ H ⊂ V (n) be closed, two sided submodules of V (n) , let B be a δ− non-degenerate form on H, and consider X L := {x ∈ H; B(x, y) = 0 ∀y ∈ V }, X R := {x ∈ H; B(y, x) = 0 ∀y ∈ V }.
Then:
2. The oblique projection operators from H parallel to V onto X L and X R , respectively , denoted by π L and π R , respectively, are continuous morphisms with operator norms bounded by a constant depending solely on n, ||B|| and δ.
Letting
W := {x ∈ H; < x, y >= 0 ∀y ∈ V },
respectively. In addition, the operator norms of π L and π R are bounded from below by a constant depending only on n. 4. {φ R j,k , k} j,k is a right-Riesz basis for V (n) .
They are dual to each other with respect to
Consider {V k } k a CMRA of V (n) such that V k is self-adjoint for each k ∈ Z (and, hence, so are the corresponding {W k } k ). Also, assume that we are given a family of vectors {ψ j,k } j,k for which:
2. ψ j,k = ψ j,k for all j, k.
3. For any k, < ψ j,k , ψ j ,k >= δ j,j for all j, j .
For any
Note that actually there always exists a family of vectors with the above properties.
The particular context we shall discuss in this section is V := L 2 (R m ), with the involution given by the usual conjugation of complex-valued functions, and
where b :
4. There exists φ(x) ∈ V 0 suchthat{φ(x − j)} j is an orthonormal basis for V 0 .
We make the supplementary assumptions that φ ∈ C r (R m ) for some nonnegative integer r, and that all its partial derivative have exponential decay at infinity , i.e. there exists a certain constant X > 0 so that
For any multi-index α having |α| ≤ r. 
, for all j, k, , and there exists some k > 0 so that
for all j, k, and all multi-indices α with α with |α| ≤ r. In the construction of the Clifford compactly supported wavelets we have to apply the following conditions to ensure the smoothness of the wavelets in a Clifford multiresolution analysis:
1. The partition must be countable which means of finite measure.
2. all functions in this space are L inf ty -function.
3. Follow the regularity of the compactly support wavelets.
Conjecture 4.1
The smoothness of the compactly support wavelets (CW) is equivalent of the smoothness of the smoothness of the Clifford compactly support wavelets (CCW).
Conclusion
We introduce a general form of a Clifford compactly support wavelets with a definition of their smoothness and their regularity. its seems to be well defined for a generalization of the concept. In further step, we are looking for more generalization of the conjecture as a forward extension to the paper. We want to apply these new wavelets to approximating functions and operators and more in signal and image processing which is our future project.
